The streaming instability is a popular candidate for planetesimal formation by concentrating dust particles to trigger gravitational collapse. However, its robustness against physical conditions expected in protoplanetary disks is unclear. In particular, particle stirring by turbulence may impede the instability. To quantify this effect, we develop the linear theory of the streaming instability with external turbulence modelled by gas viscosity and particle diffusion. We find the streaming instability is sensitive to turbulence, with growth rates becoming negligible for alpha-viscosity parameters α St 1.5 , where St is the particle Stokes number. We explore the effect of non-linear drag laws, which may be applicable to porous dust particles, and find growth rates are modestly reduced. We also find that gas compressibility increase growth rates by reducing the effect of diffusion. We then apply linear theory to global models of viscous protoplanetary disks. For minimum-mass Solar nebula disk models, we find the streaming instability only grows within disk lifetimes beyond ∼ 10s of AU, even for cm-sized particles and weak turbulence (α ∼ 10 −4 ). Our results suggest it is rather difficult to trigger the streaming instability in non-laminar protoplanetary disks, especially for small particles.
INTRODUCTION
The size and diversity of the exoplanet population suggest that planet formation is an efficient process. Yet, the formation of planetesimals -the building blocks of planets -face several challenges . Dust in protoplanetary disks (PPDs) begin as micron-sized particles, which can grow to mm -cm sizes via sticking, but growth beyond this size is impeded by bouncing or fragmentation (Blum 2018) . Dust may also be lost due to radial drift as a result of gas drag (Whipple 1972) .
It is thought that the collective self-gravity of a particle swarm may bypass these barriers by direct gravitational collapse into planetesimals. However, particles must first reach high volume densities relative to the gas for direct collapse (Shi & Chiang 2013) . This condition may be attained through dust settling, radial drift, particle traps, or other dust-gas instabilities (Chiang & Youdin 2010; Johansen et al. 2014) , such as the 'streaming instability' (SI, Youdin & Goodman 2005, hereafter YG05 ). The SI is generic phenomenon in rotating disks of dust and gas that can lead to dust clumping Bai & Stone 2010a,b; Kowalik et al. 2013; Yang & Johansen 2014) . Although its physical interpretation is subtle (Jacquet et al. 2011; Lin & Youdin 2017; Squire & Hopkins 2018) , direct numerical simulations show that the SI is effective in triggering the direct gravitational collapse of dust clumps (Johansen et al. 2009; Carrera et al. 2015; Simon et al. 2016 Simon et al. , 2017 Schäfer et al. 2017; Nesvorný et al. 2019) , provided that dust particles have reached sufficient size and the local dust-to-gas mass density ratio is of order unity or larger.
Consequently, the SI is now the de facto mechanism for planetesimal formation and is frequently applied to assess planet formation in complex disk models (Drażkowska & Dullemond 2014; Drążkowska et al. 2016; Armitage et al. 2016; Carrera et al. 2017; Ercolano et al. 2017 ). However, the numerical experiments that yield the criteria for the SI are often idealized, which may not fully account for physical conditions expected in real PPDs. An important effect is gas turbulence and particle diffusion .
PPDs can host a wide range of hydrodynamic and magnetohydrodynamic (MHD) instabilities that drive turbulence. The magneto-rotational instability is a powerful mechanism to generate turbulence (Balbus & Hawley 1991) , although in PPDs non-ideal MHD effects weaken it (e.g. Lesur et al. 2014; Bai 2015; Simon et al. 2018) . This gives room for hydrodynamic instabilities to develop, which include the 'zombie vortex instability' (Marcus et al. 2015) , 'convective overstability' (Klahr & Hubbard 2014) , and 'vertical shear instability' (Nelson et al. 2013) . For a recent review of these hydrodynamic instabilities, see Fromang & Lesur (2017) , Klahr et al. (2018) , Lyra & Umurhan (2019) , and references therein.
The effect of the resulting turbulence on the SI has not been explored fully. Selected shearing box simulations have included the magneto-rotational instability (e.g. Balsara et al. 2009; Johansen et al. 2011; Yang et al. 2018) or driven turbulence (Gole et al. 2020 ). However, these computationally intensive calculations prohibit a parameter study to evaluate the efficiency of the SI in global PPDs. A first step towards this goal is to apply linear theory to PPD models. This requires modeling the linear SI in turbulent disks. Some effort in this direction has been taken by Auffinger & Laibe (2018) , who included a viscous stress tensor to mimic the effects of gas turbulence.
More recently, Umurhan et al. (2019) extended the original analysis of the SI from YG05 to include both gas viscosity and a corresponding particle diffusion. They find the SI is then limited to small range of particle sizes at turbulence strengths expected in PPDs.
Our ultimate goal in this work is to obtain growth timescales and characteristic lengthscales of the SI in realistic PPDs. This will help us understand the relevance of the SI as a function of radius in PPDs. We take this opportunity to expand upon Umurhan et al. (2019) by considering compressible gas and exploring non-linear drag laws. We also present complementary calculations using a simplified 'one-fluid' model of dusty gas based on Lin & Youdin (2017) to verify some results. This paper is organized as follows. In §2 we describe the basic, two-fluid framework for studying the linear SI in turbulent disks, including models for gas viscosity and particle diffusion. We list the linearized equations in §3 and first present results from controlled numerical experiments in §4. In §5 we apply linear theory to assess the efficiency of the SI in physical PPD models; finding the SI is limited to large radii at tens of AU. We summarize the discuss our results in §6, including model caveats and future directions. In the Appendix we present a simplified, one-fluid model of dusty gas to explain some of the results found in the full two-fluid treatment.
BASIC EQUATIONS AND PARAMETERS
We consider a protoplanetary disk comprised of gas and dust in orbit about a central star of mass M * . We use (ρ g , P, V ) to denote the density, pressure, and velocity of the gas.
We consider a single species of dust treated as a pressureless fluid with density and velocity (ρ d , W ), respectively (Jacquet et al. 2011) . The two fluids interact via drag parameterized by a single stopping time τ s , which is prescribed below.
A single-species approximation simplifies the analysis considerably. However, it should be noted that this likely overestimates the efficiency of the SI, as suggested by recent generalizations of the SI to multi-species dust in inviscid disks (Krapp et al. 2019) .
We neglect disk self-gravity and magnetic fields. For simplicity, we also neglect the vertical component of stellar gravity and consider unstratified disks. However, in numerical calculations we will account for stratification when choosing physical parameter values.
In an inertial frame with cylindrical co-ordinates (R, φ, z) centered on the star, this two-fluid disk is governed by the following equations:
where D is a constant diffusion coefficient (Morfill & Voelk 1984) ; Ω K (R) = GM * /R 3 is the Keplerian frequency and G is the gravitational constant; = ρ d /ρ g is the local dust-to-gas ratio; and τ s is the particle stopping time. We consider isothermal gas so that P = c 2 s ρ g , where c s = H g Ω K is a prescribed sound-speed and H g is a nominal gas disk thickness.
We assume dust particles are subject to diffusion due to turbulent stirring from the gas. In Eq. 3 we thus include a viscous stress tensor T to model gas turbulence:
where ν is the kinematic viscosity and I is the identity tensor. The last term in the momentum equations models dust-gas drag and is described below.
Local description
We consider the local stability of the dusty disk. To do so, we focus on a small patch of the disk and adopt the shearing box framework (Goldreich & Lynden-Bell 1965) . The shearing box is centered at a point (R 0 , φ 0 , 0) that rotates about the star with angular frequency Ω K (R 0 ) ≡ Ω 0 , so φ 0 = Ω 0 t. Cartesian coordinates (x, y, z) in the shearing box correspond to the (R, φ, z) directions in the global disk. Global curvature terms are neglected, as are radial gradients in densities and disk temperature.
In this frame, Keplerian rotation appears as a linear shear flow, −qΩ 0 xŷ with q = 3/2. We also define w, v as the velocity deviations from the background Keplerian shear in the rotating, local frame. That is,
and similarly for v. For clarity we drop the sub-script '0' below. In terms of velocity fluctuations the two-fluid shearing box equations read
The SI only operates in the presence of a global pressure gradient. To include this effect in a local model, we add a constant forcing in the the gas momentum equation
is a dimensionless measure of the global pressure gradient (Youdin & Goodman 2005) . This term causes a relative drift between dust and gas (see §2.5) and is essential for the streaming instability. The basic equations 2-11 are the same as that in with the addition of gas viscosity and particle diffusion.
Generalized stopping times
The magnitude of dust-gas drag is described by the stopping time τ s , which is the characteristic decay timescale for a dust particle's velocity relative to the gas, ∆v ≡ |v − w|. Smaller τ s indicates stronger coupling between gas and dust.
Physically, τ s depends on the particle size a p , its internal density ρ • , its relative drift ∆v, the gas density, and the sound-speed (Whipple 1972; Weidenschilling 1977) . The specific form of τ s (a p , ρ • , ∆v, ρ g , c s ) depends on the particle size relative to the mean free path of gas molecules, λ mfp . Particles with a p 9λ mfp /4 are in the Epstein regime with
We remark that most studies of the SI assume an Epstein drag law. Particles with a p 9λ mfp /4 enter the Stokes regime. In this case τ s also depends on the Reynolds number defined by Re ≡ 2a∆v/ν m , where ν m ≡ (1/2)c s λ mfp is the gas molecular viscosity: (Birnstiel et al. 2010) . Note that λ mfp ∝ 1/ρ g . One goal of this work is to examine the effect of nonlinear drag laws, i.e. when τ s itself depends on the relative drift. As such, instead of adopting different functional forms of τ s that depends on the physical conditions, we use the following generalized form of τ s :
where a, b are constant parameters, and subscript 'eqm' denote equilibrium values. Eq. 15 encapsulates the different drag laws described in Eq. 13-14. For example, the Epstein regime corresponds to a = 1, b = 0 and the fully non-linear Stokes law for Re > 800 corresponds to a = b = 1. We find results are insensitive to the index a since the SI does not require compressible gas (Youdin & Goodman 2005) . We thus fix a = 1 for all calculations presented below.
For convenience we also define the Stokes number St as a dimensionless measure of the (equilibrium) stopping time,
For the most commonly considered case of Epstein drag, St is equivalent to the particle size for fixed internal densities, since c s is constant and the SI depends weakly on ρ g .
Gas turbulence
We adapt the standard alpha prescription for modeling gas turbulence (Shakura & Sunyaev 1973) :
where α is the dimensionless viscosity and ξ is a free parameter. In practice, we take ξ = −1 so that the dynamic viscosity ρ g ν is constant to avoid viscous overstabilities (Latter & Ogilvie 2006 ).
Dust diffusion
We parameterize particle diffusion via the dimensionless coefficient δ such that
and δ is related to the gas viscosity by (Youdin & Lithwick 2007; Youdin 2011) . For small particles with St 1 we have δ α.
Two-fluid equilibrium
The two-fluid shearing box equations (8-11) admit an axisymmetric, steady state with constant ρ d , ρ g and no vertical velocities, w z = v z = 0. The horizontal velocity fluctuations relative to the Keplerian flow are
where
For typical disk models with η > 0 (a negative pressure gradient), particles drift inwards while gas is pushed out by the mutual drag force.
Connection with stratified disks
In an unstratified disk model the equilibrium dustto-gas ratio and dust diffusion coefficient D, which is determined by the gas viscosity , can be set independently. Indeed, we take this approach in our initial calculations.
Physically, however, an unstratified model represents the disk midplane, and vertical dust settling is balanced by turbulent diffusion (e.g. Fromang & Papaloizou 2006; Stoll & Kley 2016; Flock et al. 2017; Yang et al. 2018; Lin 2019) . In this case and D are no longer independent. The characteristic dust layer thickness H d can be modelled by (Dubrulle et al. 1995; Lin 2019) . The midplane dust-togas ratio is given by , where the local metallicity Z is
where Σ d,g are the surface densities in dust and gas, respectively. In our self-consistent calculations, we determine by specifying the metallicity Z, Stokes number St, and gas viscosity α (and hence δ).
One-fluid models
In addition to the full, two-fluid treatment of dusty gas described above, we also supplement some of our calculations with the 'one-fluid' model of dusty gas first described by Laibe & Price (2014) ; Price & Laibe (2015) and further developed by Lin & Youdin (2017) . In Appendix A we extend the one-fluid model to include dust diffusion and non-linear drag laws and compare it with the full two-fluid treatment.
LINEAR PROBLEM

Perturbation equations
We perturb the above two-fluid system with axisymmetric Eulerian perturbations such that
and similarly for other variables, where k x,z are radial and vertical wavenumbers and taken to be positive without loss of generality; and σ is the complex frequency with growth rate s ≡ Re(σ).
Dropping the 'eqm' sub-scripts for clarity, the linearized equations for the dust fluid read:
and that for the gas equations are:
In the above equations the linearized viscous forces are (Lin & Kratter 2016) ; and the linearized stopping time is
Eq. 29-36 constitutes an eigenvalue problem
where q = (δρ d , δw, δρ d , δv) T is the eigenvector and M is the matrix representation of the right-hand-side of Eq. 29-36. We solve this eigenvalue problem with standard matrix routines provided by the lapack package 1 .
Dimensionless parameters
We solve the stability problem numerically to find the dimensionless SI growth rate S ≡ s/Ω as a function of the following parameters:
• St: the Stokes number or particle size.
• = ρ d /ρ g : the equilibrium dust-to-gas ratio. This is either set directly or indirectly via the total metallicity Z (see §2.6).
• α: the gas viscosity parameter, which also determines the particle diffusion strength δ.
• b: the power-law index that determines the degree of non-linearity in the drag law.
• K x,z ≡ k x,z ηR: the dimensionless perturbation wavenumbers.
We also normalize velocities by ηRΩ. Together with the above normalizations, the linearized equations may be rendered dimensionless, in which case η appears as ηRΩ/c s ≡η and becomes a measure for gas compressibility . We setη = 0.05 unless otherwise stated.
RESULTS
Epstein drag in inviscid disks
We begin with a fiducial setup assuming Epstein drag (a, b) = (1, 0) without viscosity or diffusion (α = δ = 0). This is the standard case considered in previous analytic SI calculations (Youdin & Goodman 2005; Kowalik et al. 2013) . Following Youdin & Goodman we fix K z (= 30 here) and maximize growth rates over K x . We find qualitatively similar behavior for other fixed values of K z . For the cases examined below we find the optimum K x decrease from O(10 2−3 ) at St = 10 −4 to O(10 0−1 ) at St = 1.
In Fig. 1 we plot growth rates as a function of St for two dust-to-gas ratios: a dust-poor disk with = 0.3 and a dust-rich disk with = 3. We limit the the Stokes The dust-to-gas ratio is = 0.3 (upper) and = 3 (lower). We fix Kz = 30 and plot the maximum growth rate over Kx.
number St < 1 since larger particles violate the fluid approximation (Jacquet et al. 2011 ). To check our results, we also plot corresponding growth rates obtained from the one-fluid framework described in Appendix A. Our two-fluid results are consistent with earlier calculations (Youdin & Goodman 2005; . We find the one-fluid approximation is accurate for St 0.1 when > 1. However, for < 1, the onefluid model only reproduces the full two-fluid results for St 10 −3 . Notice also the one-fluid model tends to over (under) estimate SI growth rates in dust rich (poor) disks.
Effect of turbulence
We now examine turbulent disks by including a gas viscosity α = 0, which determines the particle diffusion coefficient δ from Eq. 19. We continue with the Epstein drag law with a = 1, b = 0. We either set the dustto-gas ratio directly as a free parameter, or physically via the total metallicity Z = Σ d /Σ g . We discuss these approaches separately.
All results in this section are obtained from the full two-fluid equations. In Appendix A.4 we develop a simplified analytic model from the one-fluid approximation, which only includes dust diffusion. For fixed ρ d /ρ g , turbulence only takes effect through the perturbation equations (cf. fixed metallicity considered later). Fig. 2 shows growth rates as a function of St for α = 0, 10 −9 , 10 −8 , 10 −7 for fixed K z = 30 and maximized over K x . Notice even such small values of α significantly stabilizes the SI. For fixed K z we find there exists a minimum Stokes number, St min , for the SI to exist. St min generally increases with larger α but decreases with increasing ρ d /ρ g . This implies that in turbulent disks, larger particles and/or higher dust-to-gas ratios are required for the SI. Equivalently said, small particles are more sensitive to turbulence than larger particles. We find the optimum radial wavenumber decreases from K x ∼ 10 3 for St = 10 −4 to K x ∼ 1 for St = 1, but are insensitive to α. As shown below, we speculate this is due to viscosity having a larger impact on the SI's vertical structure (which is fixed here) than the radial wavenumber.
Fixed local dust-to-gas ratios
Next, we optimize growth rates over K z as well. Fig.  3 shows the optimum growth rates and wavenumbers for both a dust-poor and dust-rich disk. For a given St, growth rates fall below 10 −6 Ω when the turbulence exceeds some critical value α max , which increases with St. However, unlike for fixed-K z calculations, here both dust-rich and dust-poor disks have similar values of α max .
The middle and right panels of Fig. 3 show the corresponding optimum wavenumbers. As expected, increasing the viscosity generally increase SI lengthscales. Notice also for fixed St and increasing viscosity that K z K x , implying that turbulence smears out the SI more easily in the vertical direction.
Fixed local metallicities
We now consider a more physical setup by fixing the total metallicity Z ≡ Σ d /Σ g , and setting the dust-to-gas ratio ≡ ρ d /ρ g in accordance with dust settling, Eq. 26. In this case ρ d /ρ g also depends on the Stokes number St and particle diffusion coefficient δ, which itself is determined by the gas viscosity α (Eq. 19). That is, the basic state now also varies with turbulence strength.
As a fiducial case we set Z = 0.01 and plot growth rates and optimum wavenumebrs K x,z in Fig. 4 , along with and H d /H g . The dust-to-gas ratio ranges from ∼ 10 −2 to 20; while H d /H g ranges from 10 −3 to unity. The gap in the upper left of the figure corresponds to ∼ 1 where the SI is quenched (Youdin & Goodman 2005) , see also Appendix A.5.
As before, larger St and smaller α give higher growth rates. The dust-rich SI (left of the gap) involves smaller wavelengths than the dust-poor SI (right of the gap), since viscosity is larger in the latter case. Interestingly, we find K x < K z for the dust-rich SI; while K x > K z for the dust-poor SI. This implies with high viscosity the SI becomes vertically unstructured. SI growth rates are only dynamical (∼ Ω) for > 1 (Youdin & Goodman 2005) . From Eq. 26, this requires Z (St + δ) /δ > 1. For small St we can approximate δ α. Thus the dynamical SI is limited to
where the last equality assumes Z 1. It should be noted that here SI is quenched because the background dust-to-gas ratio approaches unity as viscosity is increased from zero; as opposed to the perturbations being stabilized by viscosity.
At fixed St, increasing α eventually pushes the system into the dust-poor regime of the SI ( < 1), which is slower than dynamical. Physically this is due to dust becoming vertically mixed by gas turbulence. Further increasing viscosity, the SI is reduced to negligible growth rates. Fig. 5 show the growth rates as a function of St and α for other metallicities Z = 0.03, 0.05, 0.07 and 0.1. The red line in each panel is a fit to the maximum α as a function of St. These contour plots are essentially translations of that for Z = 0.01 (to the upper right). As expected, increasing dust loading expands the region of the dust-rich SI. Its boundary becomes less-well approximated by Eq. 42, but it is clear that SI can persist in more turbulent disks if the overall dust content is in- Figure 4 . Growth rates (upper left) with fixed metallicity Z = 0.01 as a function of Stokes number and gas viscosity (with a corresponding particle diffusion coefficient). The red line is an empirical fit to the maximum allowed α, beyond which growth rates become negligible (< 10 −6 Ω). The black dot-dashed line corresponds to Eq. 42. The dust-to-gas ratio (upper middle) and dust scale height normalized by the gas scale height (upper right) are also shown. We also mark some characteristic contours with black lines in these two panels, namely = 1 and H d /Hg = 0.1. The corresponding optimum wavenumbers, Kx, Kz, and their ratio Kx/Kz, are shown in the lower left, middle, and right panels, respectively.
creased. Notice, however, that the dust-rich SI in fact slows down with increasing Z. This is because the SI is also quenched in the limit of gas-free disks (Youdin & Goodman 2005) .
We estimate from Fig. 4 -5 a maximum viscosity α max ∼ St 1.5 above which growth rates become negligible (< 10 −6 Ω). This relation varies weakly with our choice of minimum growth rates or metallicity. Thus, the SI is rapidly quenched by viscosity for small particles.
Non-linear drag laws
Here we consider the effect of different drag laws on the SI. Recall from §2.2 that our stopping times are parameterized as τ s ∝ ρ −a g |w − v| −b . We find the SI is insensitive to a. Thus, we fix a = 1 and focus on the effect of b, i.e the degree of non-linearity. We consider drag laws with b = 0.4 and b = 1.
Inviscid disks
We first return to inviscid disks (α = δ = 0) to isolate the effect of the drag law . Fig. 6 show growth rates as a function of Stokes number with = 0.3 and = 3; for K z = 30 and maximized over K x . We find the optimum K x does not vary significantly with b.
Increasing the degree of non-linearity reduces SI growth rates. This effect is small in dust-poor disks, but becomes noticeable in dust-rich disks with > 1, although still modest: growth rates are only halved upon increasing b from zero to unity. This is explained in Appendix A.5 using the one-fluid model of dusty gas.
Viscous disks
We now consider viscous disks and begin with fixing ρ d /ρ g in Fig. 7 . In the dust-poor disk with ρ d = 0.3ρ g , increasing b has a negligible effect for St 0.1 and St 10 −2 ; while for intermediate St the SI can persist to slightly higher viscosity with increasing b. However, for ρ d = 3ρ g , we find increasing b has noticeable effects: larger b makes it easier for viscosity to kill the SI and shrinks the region of instability.
We next consider fixing Z. In Fig. 8 , we show growth rates with Z = 0.01 as a function of Stokes number and gas viscosity for different b. Notice the growth rate 'gap' shifts from = 1 for b = 0 (see Fig. 4 ) to = 1.4 for b = 0.4, and = 2 for b = 1. This is in fact consistent with the one-fluid model presented in Appendix A.5, for which SI growth rates vanish when = 1 + b. This explains why the region of 'red' SI modes, with dynamical growth rates, shrinks with increasing nonlinearity: at fixed St and increasing α from zero, drops to 1 + b sooner with larger b. We find the maximum allowed viscosity shifts from α max ∼ St 1.5 (for b = 0) to α max ∼ St 1.6−1.7 as b increases, so α max is not sensitive to b. The overall pattern of growth rates do not change significantly as b changes, thus non-linear drag laws have limited effect.
Effect of gas compressibility
We briefly examine the effect of gas compressibility by varyingη ≡ ηR/H g . For fixed η, i.e. the global radial pressure gradient,η ∝ 1/c s . Then largerη correspond to smaller c s , i.e. higher compressibility; and vice versa. Thusη is a measure of gas compressibility (see Youdin & Johansen 2007, and Appendix A.4) .
In inviscid disks, the linear SI is unaffected by gas compressibility (Youdin & Goodman 2005) . However, for viscous disks, we find SI growth rates increase with gas compressibility. This is shown in Fig. 9 where growth rates at fixed metallicities are computed for η = 0.01 and 0.1 (recall our nominal value is 0.05). The comparison between upper and lower panels indicates that larger compressibility leads to higher growth rates for the same St and α. For instance, in the case with Z = 0.01, α = 10 −5 , and St = 10 −3 , the growth rate is less than 10 −6 Ω withη = 10 −2 while the growth rate is about 10 −4 Ω withη = 10 −1 . This is because diffusion appears as the quantity D ≡ δ/η 2 in the dimensionless equations (see Appendix A.4). Thus at fixed δ increasingη diminishes the stabilization effect of diffusion.
Similar to the cases inη = 0.05, the differences between left and right panels of Fig. 9 suggest that larger metallicity expand the dust-rich SI (regions above the black dash lines, which represent unit ). Although increasing gas compressibility leads to faster growth, we find the maximum allowed α still approximately scales as St 1.4−1.5 (red lines). It is important to remember our results apply only to the linear phase of the instability. In non-linear regime, Bai & Stone (2010b) in fact find that increasing η results in weaker particle clumping. This suggests that in reality there is an optimum η that is a balance between linear growth and non-linear clumping that maximizes planetesimal formation.
APPLICATION TO PROTOPLANETARY DISKS
We now apply the above linear theory to global models of PPDs. We first extract the dimensionless input parameters from physical disk models. To do so, we couple classic viscous accretion disk theory, e.g. Pringle (1981) with typical disk profiles used in the literature. We then compute growth timescales and optimum lengthscales at each radius in order to assess the role of SI in realistic PPDs. Unless otherwise stated, we assume a central star of mass 1M with a Keplerian rotation Ω ∝ R −3/2 profile.
We consider the minimum mass Solar nebulae (MMSN) as described in Chiang & Youdin (2010) . These disk models have gas surface density and midplane temperature profiles
where F is a scale factor. Assuming vertical hydrostatic equilibrium and a vertically isothermal equation of state, the midplane gas density and pressure scale height profiles are:
We assume a constant metallicity, so the dust surface density is given by Σ d (R) = ZΣ g (R). Using the above model we can compute global profiles of St(R),η(R), (R), and ν(R), as required for linear theory at each radius. We consider a single dust population of a given size and internal density in the Epstein regime. This gives
. (47) Similarly, the dimensionless pressure gradientη ≡ ηRΩ/c s isη
Thusη is almost a constant. We also compare the growth timescale with radial drift timescale of dust particles. The drift timescale is calculated from the radial drift veloctiy in Eq. 20 as 
where the midplane dust-to-gas ratio is calculated according to Eq. 25-26, which requires a prescription for the disk viscosity (see below). Notice t drift diverges at both small and large radii, as for fixed particle sizes these correspond to St → 0 and St → ∞, respectively, which have the slowest drift speeds. We consider two models of the disk viscosity, ν = αc s H g , described below, which is then used to compute H d /H g and (R; Z, St, α) from Eq. 25 and 26, respectively.
Accreting disks
In this case, we assume turbulence leads to (gas) accretion onto the central star, and the viscosity parameter is a measure of turbulent angular momentum transport. Far from the inner disk boundary we have where the (gas) mass accretionṀ is a constant input parameter. For the above gas disk profiles we obtain
Thus, higher accretion rates require larger α; while higher disk masses imply smaller α. Note that the viscous accretion flow has a characteristic radial velocity ∼ ν/R, but this is neglected in our local linear analysis.
In Fig. 10 we present results for a standard mass accretion rateṀ = 10 −8 M yr −1 , disk mass F = 1, and cm-sized particles with internal density 1 g cm −3 . We consider a solar-metallicity disk with Z = 0.01 (top) and a dust-enriched disk with Z = 0.1 (bottom). We plot growth and dust radial drift timescales (left); Stokes number, mid-plane dust-to-gas ratios, α-viscosity values (middle); and optimum wavelengths (right).
For both metallicities growth within the disk lifetime ( 10 7 yrs) is only possible for R 20-30AU. For Z = 0.01, growth timescales 1Myr at all radii. Increasing Z to 0.1 allows the SI to grow in 1 Myrs at a few tens of AU. However, for Z = 0.1 we find < 1 for R
200AU. This is due to the turbulent stirring by gas, with rather large viscosity values of α ∼ O(10 −2 ) compared to recent theoretical models (e.g. Bai 2014; Simon et al. 2018 ) and measurements of disk turbulence (Flaherty et al. 2017 . It is doubtful that such dust-poor conditions can lead to planetesimal formation in the nonlinear regime of the SI (Johansen et al. 2009 ). Furthermore, radial drift timescales in these regions are shorter than the growth time, implying dust may be lost to the star before significant growth.
On the other hand, we find t SI t drift for R 400AU for Z = 0.01 and for R 100AU for Z = 0.1, suggesting that dust in the outer disk can undergo efficient SI before falling into the host star. There is, however, some uncertainty because in these regions St 1, which violates the fluid treatment of dust.
We find characteristic SI lengthscales are of O(10H g ) in both cases. This is problematic in two respects. At ∼ 100AU the gas disk aspect-ratio is H g /R ∼ 0.08, implying a radial length scale comparable to the disk radius, λ x ∼ 8H g ∼ R. At this scale, the global disk geometry may become important, but this is neglected in our local stability analyses. Moreover, we find vertical lengthscales are much larger than the dust scale-height,
The existence of such verticallyextended modes may then depend on physical conditions at the surface of the dust layers. This issue is beyond the scope of this work.
Non-accreting disks
These disk models may be considered as representing 'dead zones' in PPDs, where weak turbulence result from hydrodynamic instabilities, but do not contribute to mass accretion (Bai 2016 ). Thus we require ν = 0, but without a corresponding radial gas flow (v R = 0). This is in fact consistent with our local models. Since we have chosen MMSN surface density profiles, we deduce the appropriate viscosity profile as follows. It turns out these disks have almost a constant α that may be specified independently.
We recall from classic viscous theory that the (gas) radial velocity is given via
(Note that this equation is also applicable to unsteady disks.) For a Keplerian disk we obtain
Thus, if νΣ g √ R is constant then v R = 0. Such nonaccreting disks have also been employed in other problems, e.g. disk-planet interaction (Paardekooper & Papaloizou 2009 ). We use the above constraint to set
where α 1 is the viscosity coefficient at 1AU, and is an input parameter. Fig. 11 show example results in non-accreting disks. Here, we fix α 1 = 10 −3 . We find that SI can grow within the disk lifetime for R 3AU, much smaller than in the accreting disks. This is due to the smaller viscosity compared to the non-accreting disk above. However, as in accreting disks, the SI grows fastest at R ∼ 100AU.
For Z = 0.01 we find 1 for R 100AU. Here, the linear SI grows sufficiently fast, but is insufficient for dust clumping (Johansen et al. 2009 ). Thus we only expect the development of axisymmetric dust rings.
On the other hand, in the Z = 0.1 disk we find 1 for R 20AU, and growth timescales are much shorter than the disk lifetime. In this case the SI will likely lead to planetesimal formation. The sudden increase of t SI at R ∼ 20AU is associated with approaching unity, whence SI is quenched (see, e.g. Appendix A.5).
In both cases, a comparison between radial drift timescales (black) and SI growth timescales (red) are also shown. We find t SI t drift beyond 10AU and 30AU for Z = 0.01 and Z = 0.1, respectively. Here the SI Figure 11 . Same as Fig. 10 but for non-accreting disks parameterized by α1 = 10 −3 .
can grow before dust particles are lost to the star. Conversely, interior to these radii SI is limited by radial drift instead of disk lifetimes.
In either disk models we find λ x ∼ H g R at R = 100AU, which is consistent with local analysis. However, vertical wavelengths are still significantly larger than H d .
We have attempted to restrict λ z ≤ 2H d (the full dust layer thickness) for self-consistency, but this in fact lead to growth timescales exceeding the disk lifetime. This is because viscosity is effective in stabilizing perturbations with such small vertical lengthscales.
Dust rings around HL Tau
We now apply the above disk models to examine whether or not the SI can explain the formation of the dust rings and gaps observed in the PPD around HL Tau (ALMA Partnership et al. 2015) . These dust rings are located between ∼ 13 to ∼ 91AU, and adjacent rings are separated by ∼ 10 -20AU. We require growth timescales 1Myr for consistency with HL Tau's young age. Since the disk mass of HL Tau is about 0.1M (ALMA Partnership et al. 2015) , which is about 10 times larger than MMSN, we adopt F = 10 in the calculations below. We still consider cm-sized particles with internal density 1 g cm −3 . Calculations with mm-sized particles yield essentially no growth within the disk's age.
For the accreting disk model we adopṫ M ∼ 10 −7 M yr −1 (Beck et al. 2010 ). However, this implies a high viscosity, with α increasing from ∼ 10 −2 at 1AU to ∼ 0.07 at 100AU. As a result, SI growth timescales exceed 100Myr. We thus discard this model. For the non-accreting disk model, we set α 1 = 10 −4 . This is motivated by the estimate made by Pinte et al. (2016) based on observational constraints on the dust layer thickness in the HL Tau disk. Results are shown for Z = 0.01 and 0.1 in Fig. 12 . For both cases the fastest growth occurs near the outer disk edge ∼ 100AU. Notice here that radial drift does not limit the instability growth. (For Z = 0.1, t drift exceeds a million years, so it is outside the plotted range.)
For Z = 0.01, we find t SI 1Myr beyond ∼ 15AU. In these regions, The MMSN profile gives H g 0.7AU at R = 15AU. Here, the radial wavelength is 10H g = 7AU, which is too small compared to the observed ring separations. By contrast, at 100AU the radial wavelength is 2H g = 16AU, which is broadly consistent with observations. In the Z = 0.1 disk we find SI only grows sufficiently fast for R 50AU. However, at these radii the radial wavelengths range between 6.7AU at 50AU to 1.6AU at 100AU, which are too small compared to observations. From the above crude comparison, we conclude that the Z = 0.01 disk can plausibly explain dust rings observed in the outer disk (R 70AU where λ x 10AU). However, we again find λ z H d . Additional calculations enforcing λ z ≤ 2H d resulted in decaying modes, which would play no role.
In any case, because 1 in the Z = 0.01 disk model, SI is unlikely to result in planetesimal formation. This would suggest that planetesimals cannot form via the SI in the HL Tau disk, leaving only axisymmetric rings from the instability.
SUMMARY AND DISCUSSION
In this paper we assess the efficiency of planetesimal formation via the streaming instability (SI) in physical models of protoplanetary disks (PPDs). To this end, we generalize the linear theory of the SI to include disk turbulence, modelled as a gas viscosity, with a corresponding particle stirring modelled by dust diffusion. We also explore the modest effect of non-linear drag laws and gas compressibility on the SI. For the most part we adopt the standard two-fluid model of dusty gas, but also verify some calculations with a simplified, one-fluid model generalized from Lin & Youdin (2017) to include dust diffusion.
We find the SI is sensitive to turbulence. Gas viscosity and particle diffusion stabilizes the SI and increases its characteristic lengthscale, as expected on physical grounds. SI with small particles are effectively stabilized by turbulence. For example, at fixed dust-to-gas ratios for St ∼ 10 −2 growth rates become negligible for α 10 −3 . We also find the SI is more easily smeared out in the vertical direction than in the radial direction, consistent with Umurhan et al. (2019) .
In a physical disk, however, turbulence also changes the background disk structure, namely the equilibrium dust-to-gas ratio. Accounting for this yield two regimes: at low viscosity the dust-to-gas ratio exceeds unity and the SI grows on dynamical timescales; and at high viscosity the dust-to-gas ratio falls below unity and the SI grows slowly, eventually exceeding timescales of interest. Our numerical results indicate a convenient scaling for the maximum viscosity as α max ∼ St 1.5 .
We apply linear stability analysis to global models of PPDs. We consider the standard minimum-mass Solar nebula disk models with viscosity either chosen to yield a specified global gas accretion rate, or set independently in a non-accreting disk. Even considering large, cmsized particles that should favor the SI, we find the SI only grows within typical disk lifetimes of a few Myrs outside ∼ 10AU. The SI is most efficient around 100AU, where growth timescales can approach O(10 4 )yrs at low viscosity.
On the other hand, we consistently find vertical lengthscales of the SI exceeds the dust layer thickness. Taken at face value, this suggests that in viscous disks the SI has little vertical structure across the dust layer. However, only a stratified linear stability analysis can confirm whether not there exists vertically unstructured modes, or modes that can be confined to the dust layer (Lin et al., in preparation) .
Our local analyses also neglect the viscosity-induced gas accretion flow that exist in global disks. Future work should account for this by calculating the background equilibrium flow self-consistently. This gas ac-cretion flow would drive an additional relative drift between dust and gas, on top of that due to dust-gas drag. As the relative dust-gas drift is the culprit of dust-gas instabilities, including the SI (Squire & Hopkins 2018), we can expect a gas accretion flow to also affect the SI. We leave this to future work.
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A. ONE-FLUID MODEL FOR DUSTY GAS WITH PARTICLE DIFFUSION
Here we describe the 'one-fluid' model of dusty gas developed by Lin & Youdin (2017) , based on the earlier studies of Laibe & Price (2014) and Price & Laibe (2015) . We extend these models by including dust diffusion, but neglect gas viscosity for simplicity (see Lovascio & Paardekooper 2019 , for a viscous, but diffusionless version of the one-fluid model).
In this description one forgoes separate gas and dusty variables and work with the total density
and the center of mass velocity of the mixture
Furthermore, by considering small particles one applies the 'terminal velocity approximation' (Youdin & Goodman 2005; Jacquet et al. 2011 ) so that
where t s ≡ τ s f g is the relative stopping time and f g = ρ g /ρ g is the gas fraction. (It is simpler to work with t s in the one-fluid framework.) As before we consider strictly isothermal gas so that P = c 2 s ρ g = c 2 s (1 − f d )ρ, where f d = ρ d /ρ is the dust-fraction.
With the above definitions and approximations, the two-fluid equations (1-4) can be combined and simplified to give
Note that only three of the four evolutionary equations remain because the dust velocity has been eliminated with the terminal velocity approximation. Eq. A6 is an effective energy equation that result from the dust continuity equation (2). Terms of O(t 2 s ) are neglected due to the assumption of small particles. For the following derivations, it is convenient to define (A9)
Combining Eq. A3 with Eq. A9 gives
It will prove useful to have an expression for ρt s . Using Eq. A10, we find
A.2. One-fluid equilibrium
The one-fluid momentum equations admit axisymmetric, steady state equilibrium solutions with U R = U Z = 0, and
= R 2 Ω 2 K (1 − 2f g η).
(A13) These approximations give the dispersion relation
Note that for fixed δ we also require δ min Stf d f g , n − K 2 z /nK 2 /(1 + ) . Eq. A26 agrees with Eq. 97 of Lin & Youdin (2017) in the diffusionless limit with Epstein drag (D = b = 0) and |n| 1. The latter dispersion relation was also derived by Jacquet et al. (2011) , Laibe & Price (2014) , and is consistent with the original SI analysis of YG05. Fig. 14 compares the growth rates from this reduced model (Eq. A26) and the full two-fluid equations, as a function of St for δ = 10 −4 , 10 −5 and 10 −6 . We fix ρ d /ρ g = 3. We use the optimum K x and K z from the two-fluid model when solving Eq. A26. We obtain excellent agreement with the two-fluid model for weak diffusion, δ ≤ 10 −5 . Even for relatively large δ = 10 −4 the curves are similar. We remark that the incompressible approximation filters out spurious modes in the one-fluid equations that appear at large δ and small St (i.e. the lower right part of the right panel in Fig. 13 ).
